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Abstract. We give a reformulation of a six-parameter family of coupled Painleve 
VI systems with afHne Weyl group symmetry of type -Dg^"* from the viewpoint of 
its symmetry and holomorphy properties. 



0. Introduction 

In [9, 10], we proposed a 6-parameter family of four- dimensional coupled Painleve 
VI systems with affine Weyl group symmetry of type This system can be 

considered as a genelarization of the Painleve VI system. In this paper, from the 
viewpoint of its symmetry and holomorphy properties we give a reformulation of 
this system (cf. [11]) exphcitly given by 

(1) 

dqi dH dpi OH dq2 dH dp2 dH 
dt dpi ' dt dqi ' dt dp2 ' dt dq2 ' 



cn ■ H =Hvi{qi,Pi, rj, t; Oq, "i, "2, + 2^4 + "s, "3 + "e) 
CN ■ 

; + Hvi{q2,P2, ^7,^; tto + 2^2 + as, ai + 03,^4, 05,0^) 

p. 2(gi - r])q2{{qi - t)pi + a2}{{q2 - l)p2 + ^4} (j- _ rg 

o: t{t-i){t-r]) ^ ' 

Here qi,Pi, q2,P2 denote unknown complex variables, and Qq, cxi, . . . , are complex 
^ , parameters satisfying the relation + ai + 2 (02 + 03 + 04) + + = 1, where 
^ I the symbol Hvi{q,p, i], t; Po, P2, Ps, Pa) is given in Section 2. 

If we take the limit 77 ^ 00, we obtain the Hamiltonian system with well-known 
Hamiltonian H (see [9]) 

(2) ^ 

dqi dH dpi dH dq2 dH dp2 dH 
dt dpi ' dt dqi ' dt dp2 ' dt dq2 ' 
H = Hyj{qi,pi, t] ao, ai, 0^2, + 2^4 + a^, as + a^) 

2{qi - t)piq2{{q2 - l)p2 + a^] 



+ Hvi{q2,P2,t; ao + 03, + 2^2 + "3, a4,a5, "e) + 



t{t - 1) 



where the symbol Hyi is also given in Section 2. 

Here we review the holomophy conditions of the system (2) (see [9]). Let us 
consider a polynomial Hamiltonian system with Hamiltonian H G C{t)[qi,pi, q2,P2]- 
We assume that 

(Al) deg{H) = 5 with respect to qi,Pi,q2,P2- 
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{A2) This system becomes again a polynomial Hamiltonian system in each coor- 
dinate system {xi, yi, Zi, Wi) {i = 0, 2, 3, 4, 5, 6): 

ro-^o = -{{qi - t)Pi - ao)pi, yo = l/pi, zq = ga, Wq = p2, 

r^: X2 = 1/qi, y2 = -qi{qiPi + "2), Z2 = q2, W2 = P2, 

r-g : = -((gi - q2)pi - as)pi, ys = l/pi, = gs, W3 =p2 

: X4 = qi, y^ = Pi, Z4 = l/q2, W4 = -q2{q2P2 + "4), 
rg : ^5 = gi, y^ = pi, = -((gs - l)p2 - a^)P2, = l/p2, 
rG:xG = g2, ye = pi, Ze = -p2{q2P2 - ^e), Wq = l/p2- 

(^43) In addition to the assumption (^2), the Hamiltonian system in the coordi- 
nate r2 becomes again a polynomial Hamiltonian system in the coordinate system 
{xi,yi,zi,wi): 

(4) r[:xi^ -{x2y2 - ai)y2, Vi = l/y2, ^1 = ^2, Wi = W2- 

Then such a system coincides with the system (2). 

In this paper, we make a reformulation to obtain a clear description of invariant 
divisors, birational symmetries and holomorphy conditions for the system (2). Our 
way is stated as follows: 

(1) We symmetrize the holomorphy conditions of the system (2). 

(2) By using these conditions and polynomiality of the Hamiltonian, we easily 
obtain the polynomial Hamiltonian of the system (1). 

This paper is organized as follows. In Section 2, we give a reformulation of Hamil- 
tonian of Pvi and its symmetry and holomorphy. In Section 3, we state our main 
results for the system of type D^^ . After we review the notion of accessible singu- 
larity in Section 4, wc will state the relation between some accessible singularities 
of the system (1) and the holomorphy conditions given in Section 3. 



1. Reformulation of Py/-CASE 
The sixth Painleve system can be written as the Hamiltonian system (cf. [2, 5]) 

(5) 

dq dHvi dp dHyi 

dt dp ^ dt 9g ' 

t{t - l){t - r])Hvi{q,p,r],t;ao,ai,a2,as,a4) 

= q{q - - V){q - t)p' + - r])q{q - 1) + 2o;2g(g - - v) 

+ as{t - l)q{q - r]) + ait{q - l)(g - r])}p + a2{{ai + a2){t - r]) + a2{q - 1) 

+ as{t — 1) + ta4}q {ag + ai + 2a2 + + a4 ^ 1, 77eC-{0, 1}). 
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The equation for q is given by 

(6) 

dt^ 2\q q-1 q-t q-vj\dtj \t t-1 q~t t - rj J dt 

gj (r^-l)(l-t) (l-ag)t(t-l)(t-ry) 
2 ^ 2 (q-tr 

If we take the hmit 77 — > oo, we obtain the sixth Painleve system Pyi with well-known 
Hamiltonian: 



dq dHvi dp dHyi 

(7) 



dt dp ^ dt dq ^ 

Hvi{q,p,t;5o, 51,52,63,54) 
1 



t{t - 1) ^ - ^)(^ - - -^(^0 1)? + ^3(g - t)q 

+ 6i{q -t){q- l)}p + 52{5i + 52)g] (5o + 5i + 2(^2 + ^3 + (^4 = 1), 

whose equation for q is given by 

dt^ 2\q q-1 q-t)\dt) \t t-l q - 1 J dt 
i2(^_l)2 l2 2 g2 2(?-l)2^ 2 

The system (5) has extended affine Weyl group symmetry of type whose 
generators Sj, ttj are given by 

(9) 

:,p,t; -ao,ai,a2 + ao,a3,a4). 



so{q,p,t;ao,ai, . 


..,a4) 


Si{q,p,t;ao,ai, . 


..,a4) 


S2{q,p,t;aQ,ai, . 


. . , 0:4) 


S3{q,p,t; ao,ai, . 


. . , q;4) 


S4{q,p,t;ao,ai,. 


..,a4) 


7ri{q,p,t;aQ,ai, . 


. . , 04) 


'K2{q,p,t;ao,ai, . 


..,a4) 



q-t 
q-T]' 

P 



, t; ao, —ai, 02 + "i, "3, "4), 



q-1 
a4 



, t; ao, ai, 0^2 + a^, —as, 04), 



. 7, (1 - VJP, 7, 7; ao, a4, a2, as, ai), 

77 — 1 77 — I77 — 1 
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n3{q,p,t;ao,ai, . . . ,a4) 



iv-mq-t) 



{rj{t - 2) + l}q + (77 - 772 _ l)t + 77' ' 

q-l){{q-l)p + a2}Mt-2) + l} 



{l-t)p + 
+ 

1-77 



(77 - mt - 1) 

(q-t){(q-t)p + a2}{v{t-2) + l} 
r]{t-l){t-r)) 
(77 - 1)H 



' t - r)t + rj^{t - 1) 



; q;4, «!, q;2, as, ao)- 



Let us consider a polynomial Hamiltonian system with Hamiltonian H e C(t) [g, p] . 
We assume that 

(Al) deg{H) = 6 with respect to q.p. 

{A2) This system becomes again a polynomial Hamiltonian system in each coor- 
dinate Vi (j = 0, 1, . . . , 4): 



To : Xo 



■{{q - t)p - ao)p, yo = -, 



(10) 



n : xi = -{{q - r))p - ai)p, yi 
y2 = -{qp + a2)q, 



r2 ■ X2 

rs : X3 
r4 : X4 



■((?- l)p-«3)p, ys 



-{qp - a4)p, 2/4 = -■ 
P 



P 
1 

P 



1 
P 



Then such a system coincides with the system (5). 

The phase space of the system (5) (resp. (7)) can be characterized by the rational 
surface of type D^^ (see [6, 7, 8]). The below figure denotes the accessible singular 
points and the resolution process for each system. 

We remark that the system (5) has the following invariant divisors: 



parameter's relation 


invariant divisors 


ao = 


fo-=q-t 


Ofi = 


fi ■■= q-V 


(\2 = 




"3 = 


f3--=q-l 


— 


/4 q 



2. The case of type ' 

Theorem 2.1. The system (1) admits extended affine Weyl group symmetry of 
type D^^ as the group of its Bdcklund transformations, whose generators Si,7rj are 
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Figure 1. Each figure denotes the Hirzebruch surface. Each bullet 
denotes the accessible singular point of each system. It is well-known 
that each point can be resolved by blowing-up at two times (see [6, 7, 
8]). By these transformations, we obtain the rational surface of type 
D^l^ for each system. 



explicitly given as follows: with the notation (*) := ?2,P2, Vi t'l "^o, cti, • • • , cte), 



So ■[* 
si :(* 

52 :(* 

53 :(* 

54 :(* 

55 :(* 
Se :(* 



{<ll,Pl 7) Q2,P2, V, -Cto, «!, 0.2 + ao, ^3, "4, "5, "g), 

qi - t 

\1\-,V\ ! q'2,P2, ?7, ^; ao, -ai, Q;2 + ai, a;3, q;4, as, aej, 

(gi H ,pi,g2,P2,'7,^;ao + a2,ai + a2, -"2, "3 + "2, 0^4, a5,«6), 

Pi 

(91, Pi ! 92, P2 H , ^, t\ ao, ai, q;2 + a;3, -q;3, q;4 q;3, as, aej, 

(?! - 92 gi - qi 

{(li,Pi,(l2 H ,P2,r),t]aQ,ai,a2,a3 + a^, -a^.a^ + 04, ae + 04), 

P2 

(?i,Pi, ?2,P2 7, ?7, ^; tto, ai, a;2, ^s, a4 + ^s, -^s, aej, 

(91, Pi, 92, P2 ,?7,i; ao, ai, 0:2, 0:3, Q;4 + ae, as, -aej, 

92 
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TTi :(*) 
( 



Figure 2. This figure denotes Dynkin diagram of type 

it - {-t + qi + rit- r]tqi){tpi - qipi - q;2 - r}tpi + r}tqipi + a2'qt) 



t - qi - rjt + rjtqi' t{t - l)ir) - 1) 

(t - l)q2 (-f + q2 + yt - ntq-->){tp2 - q-ip-i -Hi- i]fp2 + ntq-iPi + <uvt) 



t-q2-r]t + 'ntQ2 
1 rjit - 1) 



t{t-l){r)-l) 

-; «!, ao, a2, 0:3, a^, a^, Uq), 



rj^ t — rj — rjt + rjH^ 
7:2 :(*) ^ (1 - qi, -Pi, 1 - q2, -P2, 1 - ^7, 1 - ao, «!, ^2, ^a, ^4, ^e, ^s), 
TTs :(*) 

/ ^(92 - ry) 
t{q2 -r])+Tf{t- ^2)' 

(t(g2 - ^7) + V^{t - q2)){t{q2 - v)P2 + C(4{t - rf) + rf{t - 52)^2) 



trfit — rj) 



t{qi - r)) 



t{qi -r]) + r]'^{t - qi) ' 

{t{qi -r)) + rfit - qi)){t{qi - r))pi + a2{t - rf) + rfit - qi)pi) 



(77 - l)t 



-; a^, ae, a^, a^, a2, ao, ai). 



rj-V t - Tjt + r)^{t - 1)' 
We note that these transformations Sj,7rj are birational and symplectic. 

Theorem 2.2. Let us consider a polynomial Hamiltonian system with Hamiltonian 

H G C{t)[qi,pi,q2,P2]- We assume that 

{Al) deg{H) = 6 with respect to qi,pi,q2,P2- 

{A2) This system becomes again a polynomial Hamiltonian system in each coor- 
dinate system {xi, yi, Zi, Wi) (i = 0, 1, . . . , 6): 

(11) 

ro : Xo = - t)pi - q;o)pi, yo = 1/Pi, ^0 = 92, = p2, 

n : xi = -{{q\ - r])pi - Q;i)pi, yi = zi = ?2, t^i = P2 (77 e C - {0, 1}), 

r2 : X2 = y2 = -qiiqiPi + ^2), ^2 = 92, «^2 = P2, 

r^-xy.^ -((91 - 92)Pi - Q;3)Pi, ys = 1/Pi, ^3 = 92, = P2 
r4 : X4 = y4 = Pi, za = l/g2, '«^4 = -92(92^2 + Q;4), 
rs : 3:^5 = 9i, Vb = Pi, 2:5 = -((^2 - l)p2 - Q;5)P2, ^^5 = I/P2, 
re : = gi, y& = Pi, = -P2(92P2 - ae), = 1/P2- 
Then such a system coincides with the system (1). 
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Proposition 2.1. The system (1) has the following invariant divisors: 



parameter's relation 


invariant divisors 


ao = 


/o := qi-t 


ai = 


fi ■=qi-V 


a;2 = 


h Pi 


eta = 


/s := - 92 


a4 = 


/4 :=P2 


Q!5 = 


/5 := 92 - 1 


ae = 


/e := 92 



3. Accessible singularities 

Let us review the notion of accessible singularity. Let 5 be a connected open 

domain in C and vr : W — > B a smooth proper holomorphic map. We assume that 
7i C W is a normal crossing divisor which is flat over B. Let us consider a rational 
vector field v on W satisfying the condition 

V e H\W, 0w(-logH)(H)). 

Fixing to E B and P G Wt,), we can take a local coordinate system {xi,X2, ■ ■ ■ ,Xn) 
of centered at P such that Hsmooth can be defined by the local equation xi = 0. 
Since v e i?°(Vy, Ovv;(— log7^)(7^)), we can write down the vector field v near 
P = (0, 0, . . . , 0, to) as follows: 

^12) V = — + ai- \ \- 



d_ 

dt dxi 



+ 



Xi dx2 Xi dXn 

This vector field defines the following system of differential equations 

' dxi 



(13) 



dt 
dx2 
'dt 



^1 (-^l 5 -^2 5 5 -^ny t) 5 

a2{xi,X2, ....,Xn,t) 
Xi 



dXn Cl,iri(^Xi, X2, — iXjiit) 

dt Xi 

Here ai(xi, ^2, i), i — l,2,...,n, are holomorphic functions defined near 
P=(0,...,0,to). 

Definition 3.1. With the above notation, assume that the rational vector field v on 
W satisfies the condition 

(A) veH\w,eyv{-^ogn){n)). 

We say that v has an accessible singularity at P — (0, 0, . . . , 0, to) if 
Xi = and 0,(0, 0, ....,0, to) = for every i, 2 < i < n. 

If P G TYsmooth is not an accessible singularity, all solutions of the ordinary differ- 
ential equation passing through P are vertical solutions, that is, the solutions are 
contained in the fiber WtQ over t — to. If P G Tigmooth is an accessible singularity. 
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there may be a solution of (13) which passes through P and goes into the interior 
W-HoiW. 

Here we review the notion of local index. Let v be an algebraic vector field with 
an accessible singular point ^ = (0, 0, . . . , 0) and (xi, X2, . . . , x„) be a coordinate 
system in a neighborhood centered at Assume that the system associated with 
V near ^ can be written as 



(14) 



di 



Q 



Xi 



-{Q 



02 



X2 



\Xn) 



+ 



fxifi{xi,X2, . . . ,Xn,t)\ 
f2{xuX2, ... ,Xn,t) 



\ fn{xi,X2, ... ,Xn,t) J 



ifi e C{t)[x,, . . . , Q e GL{n, C{t)), a, e C{t)) 



where /i(xi, 2:2, • • • , x„, t) is a polynomial which vanishes at 'jf and /i(a;i, 0:2, . . . , t), 
i = 2, 3, . . . , n are polynomials of order at least 2 in xi, 2:2, .. . , We call ordered 
set of the eigenvalues (ai, 02, . . . , On) ^ocaZ mc/ex at ^ if 



(15) 



^1,02/01, . . . ,a„/ai) e Z" 



We remark that if each component of (1,02/01, . . . ,a„/ai) has the same sign, we 
may resolve the accessible singularity by blowing-up finitely many times. However, 
when different signs appear, we may need to both blow up and blow down. 

Example 3.1. For the Noumi-Yamada system of type A^l\ its local index can be 
defined at each accessible singular point (cf. [13]). 



4. On some Hamiltonian structures of the system (1) 

In this section, we will give the holomorphy conditions rj (i = 0, 1, . . . , 6) by 
resolving some accessible singular loci of the system (1). Each of them contains a 
3-parameter family of meromorphic solutions. 

In order to consider the singularity analysis for the system (1), as a compactifica- 
tion of which is the phase space of the system (1), at first we take a 4-dimensional 
projective space P"^. In this space the rational vector field v associated with the sys- 
tem (1) satisfies the condition: 



{;e//°(P^ep4(-log//)(3//)), 



where H denotes the boundary divisor H = P^. To calculate its accessible singu- 
larities, we must replace the compactification of with the condition (A) given in 
Section 4. In this paper, we present complex manifold S obtained by gluing twelve 
copies Uj ^ 9 {Xj, Yj, Zj, Wj), j = 0, 1, . . . , 11: 



UjXB ^C^xB3 {Xj, Yj, Zj, Wj, t) (j = 0, 1, . . . , 11) 
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via the following birational transformations: 
(16) 

0) Xo = 5i, = Pi, Zq = q2, Wo = P2, 

1) Xi = 1/51, Yi = -{qiPi + a2)qi, Zi = q2, Wi = p2, 

2) X2 = gi, Y2 = pi, Z2 = 1/^2, W2 = -(g2P2 + Ol4)q2, 

4)^4 = gi, 14= P1/P2, -^4 = q2, = l/p2, 



5)^5 = 






6)^6 = 




Ye 


7)^7 = 




Y, 


8)^8 = 




Ys 


9)^9 = 




Y^ 


10)Xio = 


= Qu 


Yio 


11)^11 = 


-- Qi, 


1^11 



1 



(giPi + «2)gi 
(giPi + Q;2)gi 

P2 

1 

(giPi + a2)gi 

(giPi + 0:2) gi 



, Zq = g2, 1^6 = 



P2 



(g2P2 + Q;4)g2 



(giPi + Qi2)gi' 
, Z-j = g2, W-j = l/p2, 

7 -Mn W - (g2P2 + C^4)g2 

, ^8 — i/g2, 1^8 — 7 \ ^ — , 

1 

(g2P2 + Q;4)g2' 
(g2P2 + Q;4)g2 



, Zg = l/g2, = 



'10 



Pi 



Pi 



(g2P2 + Q!4)g2 



, ^11 = i/g2, w^ii 



1 



(g2P2 + Q!4)g2 



The restriction {(gi,Pi, 92,^2) 1^2 = P2 = ^} (resp. {(gi,J5i, 92,^2) |gi = Pi = 0}) of 
this manifold 5 is a Hirzebruch surface, respectively. Thus, it can be considered as 
a generalization of Hirzebruch surface. We remark that this generalization of the 
Hirzebruch surface is different from the one given by H. Kimura (see [3]). 
The canonical divisor Ks of S is given by 

(17) 

Ks = -m 

= U {{Xi,Yi,Z,,Wi)eUi\Yi^Qi}\J U {{X^,Y^,Z^,W^)eU^\W^^Q}, 

ie{3,6,8,10} j6{4,7,9,ll} 

and satisfies the following relations: 

' dXj A dYj A dZj A dWj = dqi A dpi A dg2 A dp2 {j = 1, 2, 5), 

dXs A dY^ A dZs A dW^ = — ^^ligi A dpi A o?g2 A dp2, 

Pi 

(18) I 1 

^ ^ ^ dXeA dYe A dZe A dWe = ^TT^dXi A dYi A dZi A dM^i, 

Y{ 

dXs A dYg A dZs A dVl^8 = — KdX^ A dYg A dZg A dW^. 

Yi 

We note that the transformation 

(19) TT : (gi,pi, g2,P2; ^2, "4) ^ (g2,P2, gi,Pi; q;4, ^2) 

is an automorphism of S. 
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It is easy to see that each patching data (Xj, Yi, Zi, Wi) {i = 1, 2, 5) is birational 
and symplectic, moreover the system (1) becomes again a polynomial Hamiltonian 
system in each coordinate system. 

Proposition 4.1. After a series of explicit blowing-ups and blowing-downs o/P"^, 
we obtain the smooth projective 4-fold S and a birational morphism tp : S ■ ■ ■ ^ f^. 




tstep 3 |step6 tstep 9 | Step 12 



Figure 3. This figure denotes the steps which are needed to obtain 
the 4-fold S. The first figure denotes the boundary divisor P'^ in P^. 
Up arrow denotes blowing-up, and down arrow denotes blowing-down. 
Each step is explained in the below summary. 

Let us summarize the steps which are needed to obtain the 4-fold S. 

(1) Blow up along two curves Li = P-*^ and L2 = P^. 

(2) Blow down the 3-fold Vl ^ P^ x P^ x P^. 

(3) Blow up along two surfaces 5*1 = P^ and 5*2 = P^. 

(4) Blow down the 3-fold = x P^ 

(5) Blow up along the surface 5*3 = P^ x P^. 

(6) Blow down the 3-fold ^ P^ x P^ 

(7) Blow up along the surface ^4 = P^ x P^ 

(8) Blow down the 3-fold I/4 ^ P^ x P^ 

(9) Blow up along the surface 5*5 = P^ x P^ 

(10) Blow down the 3-fold ^5 ^ P^ x P^ 

(11) Blow up along the surface = P^ x P^ 

(12) Blow down the 3-fold l/g = x P^ 

It is easy to see that this rational vector field v satisfies the condition: 

(20) veH%S,Qs{-\ogn){U)). 

The following lemma shows that this rational vector field v has five accessible 
singular loci on the boundary divisor Ti. x {t} C <S x {t} for each t E B. 
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Figure 4. This figure denotes the boundary divisor Ti of S. This 
divisor is covered by eight affine spaces f/3 U f/4 U f/e U f/r U ■ ■ ■ U Uu. 
The bold fines Cj (i = 0, 1, . . . , 4) in denote the accessible singular 
loci of the system (1) (see Lemma 5.2). 



Lemma 4.1. The rational vector field v has the following accessible singular loci: 



(21) 



f Co = {(X3, Fa, Z,„ W:,)\X3 = t,Y3 = = 0}, 
Ci = {(X3, F3, Zs, Ws) 1X3 = v,Ys = Ws = 0}, 
C2 = {(X3, Ys, Z3, ^^3)1X3 = Zs, ¥3 = 0, 1^3 = -1}, 
C\ = {(X4, n, Z,, W,)\Y, = W, = 0,Z, = 1}, 

C4 = {(X4, F4, ^4, W4)|F4 = Z^ = W^ = 0}. 



This lemma can be proven by a direct calculation. 
Next let us calculate its local index at each point of 



Singular locus 


Singular point 


Type of local index 


Co 


{X3,Y3,Z3,Ws) = {t,0,a,0) 


(2,1,0,1) 


Ci 


(X3,F3,^3,W^3) = (^?,0,a,0) 


(2,1,0,1) 


C2 


(X4,y4,^4,W^4) = (a,-l,a,0) 


(0,1,2,1) 


Ca 


(X4, F4, ^4, W4) = (a, 0,1,0) 


(0,1,2,1) 


C4 


(X4,r4,^4,W^4) = (a,0,0,0) 


(0,1,2,1) 



□ 



Here a e C. 

Example 4.1. Let us take the coordinate system {x,y,z,w) centered at the point 
(X3, Y3, Z3, W3) = {t, 0, 0, 0). The system (1) is rewritten as follows: 



di 



fx\ 

y 

z 



/2 0\ /x\ 



-{ 



10 


Vo ly 



y 

z 



...} 



satisfying (14). 
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Example 4.2. Let us take the coordinate system {x,y,z,w) centered at the point 
{X4, Y4, Z4, W4) = (0, —1, 0, 0). The system (1) is rewritten as follows: 



d_ 
~dt 



y 

z 



w\t- l){t-r]) 



(2 





-2 








-2 


1 


2 







y 
















z 


Vo 








V 




[wj 



+...} 



satisfying (14). To the above system, we make the linear transformation 

/ 1 

1 

-10 10 
2 1-2 0/ 





1 


Y 




Z 




\w) 





to arrive at 



d 
~dt 



Y 
Z 
\W) 



1 r ^ 

{t - l){t - 7]) 











y 






z 




) 


[wJ 







^\ 










Y 


2 





Z 





V 





+ ...}. 



Proposition 4.2. If we resolve the accessible singular loci given in Lemma 4-1 by 
blowing-ups, then we can obtain the canonical coordinates rj{j — 0, 1, 3, 5, 6). 



Proof 4-2. By the following steps, we can resolve the accessible singular locus 



a. 



Step 1: We blow up along the curve C4: 

X4«=X4, 1^4« = ^, ^4« = ^, W4^'^^W4. 

W 4 W 4 

step 2: We blow up along the surface {{X4^^\ Y4^^\ Z^^\ W^^'^)\Z^^^ - 
W4^^^ = 0}: 



«6 



Thus we have resolved the accessible singular locus C4. 
By choosing a new coordinate system as 

(X6, 1/6,^6, Wis) = (X4(2),r4^2)^_^^(2)^^^(2))^ 

we can obtain the coordinate rg. 

By the following steps, we can resolve the accessible singular locus C2. 
Step 1: We blow up along the curve €2- 



X, 



1^3 + 1 



Step 2: We blow up along the surface {{X5^^\Y^^^\ Z^^^\W5^^^)\X5^^^ - ^3 = 
Y,^'^ = 0}: 



^Cc^' ' n(^^=n«, Z5(^)=Z5W, W^5(^) = PF5W. 



Thus we have resolved the accessible singular locus C2. 
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By choosing a new coordinate system as 

we can obtain the coordinate r^. 

For the remaining accessible singular locus, the proof is similar. 

Collecting all the cases, we have obtained the canonical coordinate systems {xj, yj, 
Zj,Wj) (j = 0, 1, 3, 5, 6), which proves Proposition 5.5. □ 

We remark that each coordinate system contains a three-parameter family of 
meromorphic solutions of (1) as the initial conditions. 




Figure 5 

The difference between and r- is only the case of i = 1. The relation between ri 
and r[ can be explained by the one for the accessible singularities Ci and Coo given 

by 

C^ ={(^6, Ye, Ze, We)\Xe = 1,^3 = 1^3 = 0} 

V 

(22) U {{Xs, Ys, Zs, Ws)\Xs = i, = W^g = 0}, 

Coo ={(^6, Ye, Ze, We) \Xe ^Y^^Ws^O} 

U {{Xs, Ys, Zs, Ws)\Xs ^Ys^Ws^ 0}. 

As 77 — > oo, Ci tends to Coo- The resolution of Coo is the same way given in Proof 
5.5. 

Proposition 4.3. After a series of explicit blowing-ups given in Proposition 

we obtain the smooth projective 4-fold S and a morphism (/? : <S — > <S. Its canonical 

divisor Kg of S is given by 

4 

(23) Ks^-m-Y.s„ 

i=Q 

where the symbol H denotes the proper transform of Ti by ip and denote the 
exceptional divisors obtained by Step 1 (see Proof of Proposition 4-^)- 

Acknowledgement. The author would like to thank the referee, H. Kawamuko, M. 
Murata and M. Noumi for useful comments. 
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